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Quantum fluctuations associated with the ground state of a system exist as a consequence of Heisen-
berg’s uncertainty principle [1]. These fluctuating fields manifest themselves indirectly through their
influence on matter which has been extensively studied by considering e.g. the Casimir and Casimir-
Polder force [2, 3]. More recently, these ground state fluctuations have been measured directly using
nonlinear crystals by means of electro-optical sampling [4, 5]. Despite their common origin, these di-
rect versus indirect evidence of ground-state fluctuations remain disjoint phenomena to date. Here we
develop a theoretical framework for describing propagation of a quantized electric field through a non-
linear crystal, allowing for arbitrarily-shaped dispersive and absorptive environments. It can be used in
different contexts, one of which is to forge the missing link between the different approaches to observing
the quantum vacuum mentioned above. To demonstrate this we show that the change of the vacuum
fluctuations induced by a macroscopic object can be directly observed using electro-optical sampling.
Over ninety years ago, Heisenberg formulated the uncertainty principle [1] , establishing that two canonically
conjugate variables can only be simultaneously measured with a finite precision. This fundamental statement
of quantum mechanics has far-reaching consequences. One of the most fascinating appears in the theory of
the quantised electromagnetic field, where the commutation relations imply so-called zero point fluctuations of
the electromagnetic field, persisting even after removing all particles and thereby arriving at the vacuum state
of the theory. It has been argued that indirect evidence for these fluctuating fields can be seen in experiments
measuring spontaneous decay rates or the Lamb shift [6]. Vacuum fluctuations may be altered by the presence
of macroscopic objects, the most famous example being the Casimir force [2], where two closely-spaced mir-
rors are subject to an attractive force due to different fluctuating electromagnetic fields in the vacuum between
and outside of them. Ground-state atoms close to a surface experience a similar phenomenon, known as the
Casimir-Polder force [3]. These effects are not only of fundamental interest as part of the study of the vacuum
field, but also play an important role in many different areas of science such as nanotechnology [7] and adhesion
[8]. Nevertheless, as argued in Refs. [9, 10, 11], all of the above mentioned effects are not necessarily definitive
proof of the existence of the fluctuating vacuum field, let alone its change induced by surfaces. An alternative
mechanism offered in those works is radiation reaction, where matter interacts with the field induced by its own
fluctuating dipoles.
Powerful techniques for studying the electromagnetic field are found in non-linear optics. Here, photons can
be made to interact with each other by the introduction of non-linear media [12, 13, 14]. This phenomenon
is now an integral component of a wide range of techniques, including two-dimensional spectroscopy [15],
efficient generation of entangled photons [16] and second-harmonic generation [17]. It also permits remarkable
insights into fundamental physics including Einstein-Podolsky-Rosen entanglement in an optical fibre [18] and
quadrature squeezing in a waveguide [19].
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The advent of femtosecond laser pulses has led to new experimental possibilities that are able to directly
access the fluctuating vacuum field, for example by electro-optical sampling [4] with a non-linear crystal or
through a time-dependent refractive index (the dynamical Casimir effect) [20, 21]. The setup for the vacuum
field detection in the former is shown in Fig. 3. The idea is the following: an ultra-short laser pulse propagates
through an electro-optical crystal which mixes the laser pulse with an ambient electric field via its nonlinear
properties [12] to form a new electric field. Analysing the field behind the crystal, one subsequently obtains
information about the ambient field inside the crystal [22, 23]. The setup is so sensitive to weak electric fields
that one is able to measure the mixing of the laser pulse with the vacuum fluctuations of the electric field inside
the crystal [4, 24, 5]. While usually described theoretically in the frequency domain [24], the experiment can be
complemented by a time domain description [25], leading to an interpretation as an induced change in the local
flow of time inside the crystal and to the generation and detection of subcycle pulsed squeezed states [26]. Also
a relation to Unruh-Davies experiments can be established [27]. In all these works on electro-optical sampling
of vacuum fluctuations, only fluctuations in a bulk medium have been considered. No influence of additional
macroscopic objects upon the vacuum field has been taken into account — this is the realm of Casimir and
Casimir-Polder forces and constitutes a missing link in the study of quantum vacuum effects.
In the following we present a theoretical framework which is capable of predicting the counting statistics
of experiments where a laser pulse is propagating through a nonlinear crystal which can be embedded in an
arbitrary inhomogeneous dispersive and absorptive environment (see Fig. 1), as described by a classical Green’s
tensor. We further show that this formalism can be used to combine the two approaches to observe vacuum
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Figure 1: Illustration of our theory. Our general theoretical framework allows for the prediction of the output
statistics of electro-optical sampling experiments. Our formalism goes beyond the paraxial approxi-
mation for all involved fields, and allows the crystal to be embedded in arbitrary environments.
fluctuations of the electromagnetic field outlined above, namely indirect observation by studying the influence
of local changes of the vacuum fluctuations induced by macroscopic objects on each other or ground state atoms
(Casimir/Casimir-Polder forces), and direct measurement vacuum fluctuations in a bulk material by means of
electro-optical sampling. We show that placing an additional refractive object into the experimental setup of
ordinary electro-optical sampling experiments one can not only provide unambiguous proof for the influence
of macroscopic objects on the quantum vacuum but also analyze the detailed structure of these changes.
We begin by presenting the theoretical underpinnings of our work. In order to directly observe the modifi-
cations of vacuum fluctuations imposed by a macroscopic object, we have to predict the output statistics of an
electro-optical sampling experiment while allowing for arbitrary dispersive and absorptive environments. We
will also simultaneously extend the theory of electro-optical sampling to include thermal fluctuations, allow for
an arbitrary spatiotemporal laser profile and for the relaxation of the paraxial approximation. This will enable
us to explore a wide range of experimental setups.
To describe the propagation of light through an arbitrary electro-optical crystal, we start from the nonlinear
polarization field inside it [12];
PˆNL(r,ω) =
∫ ∞
−∞
dΩ χ (2)(r,Ω,ω−Ω)Eˆ(r,Ω)? Eˆ(r,ω−Ω). (1)
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Here, χ (2) is the nonlinear susceptibility tensor of the electro-optical crystal and we have defined a shorthand
(χ (2)Eˆ? Eˆ)i ≡ ∑ jk χ(2)i jk Eˆ jEˆk similar to a cross product. The nonlinear polarization acts as an additional source
term in the wave equation which can be formally solved by a Lippmann-Schwinger equation:
Eˆ(r,ω) = Eˆvac(r,ω)+Ep(r,ω)+µ0ω2
∫
VC
d3r′G(r,r′,ω) · PˆNL(r,ω) (2)
where µ0 is the vacuum permeability and G(r,r′,ω) is the classical Greens tensor which is given in a (2+1)-
dimensional Weyl decomposition [28], as discussed in detail in methods section M1. Assuming a coherent laser
pulse, the electric field without the electro-optical crystal is described in the vacuum picture by the vacuum
field operator Eˆvac(r,ω) and the classical laser pulse Ep(r,ω) [29]. Note that Ep(r,ω) could also represent two
spatially and temporally separated laser pulses, such as those featering in the recent experiment Ref. [5].
Equations (1) and (2) define a formal solution for Eˆ(r,ω), but are infinitely recursive. To solve them we
therefore use a Born series, which can be seen as a perturbation expansion in χ (2) to the desired order. The
process of obtaining each term is described in detail in methods section M3, however here we restrict ourselves
to a schematic interpretation of this perturbative approach which is shown in Fig. 2a. The incoming fields, i.e.
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Figure 2: Schematic representation of the different terms involved in calculating a) the total electric field Eˆ
behind the crystal, b) the mean 〈: Sˆ :〉 and c) the variance 〈: Sˆ2 :〉.
the laser and the vacuum field, can either propagate freely through the crystal or interact with it once, forming
a three point vertex and picking up a factor of χ(2)i jk for incoming fields with polarization j,k and and outgoing
field with polarisation i. The resulting field is propagated by a Green’s tensor, which can then itself form a new
three-point vertex in the same way. This can happen multiple times, each new vertex representing an increase
in the order of perturbation theory. Note that every incoming line on the right hand side of Fig. 2a can represent
either one of the possibly multiple laser pulses or the vacuum field and that the sum over all frequencies at each
vertex equals zero.
We will use the electric field as derived above to describe electro-optical sampling of the vacuum field,
see Fig. 3 for the experimental setup, whose observables are the statistical properties of the output beam.
In particular, we need the normal-ordered mean value 〈: Sˆ :〉 and variance
√
〈: Sˆ2 :〉+N of the signal at the
detector. Here Sˆ = Nˆx − Nˆy, where Nˆi is the number operator counting photons with polarization in the i-
direction, and N is the total number of detected photons. The latter accounts for the shot noise contribution to
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the variance, stemming from the Poissonian photon statistics. Taking into account the particular properties of
the nonlinear crystal used in e.g. [4], it can be shown that Sˆ ∝ Eˆ†y Eˆx (see methods section M3). The fact that Sˆ
depends quadratically on the fields (similar to an intensity) means we have to formally square the diagrammatic
perturbation shown in Fig. 2a, to find the diagrams shown in Fig. 2b. Up to second order in the nonlinear
susceptibility we obtain that each diagram gives a vanishing contribution for various reasons. One is that the
electric vacuum field vanishes on average, i.e. 〈Eˆvac〉 = 0; another that certain diagrams do not exist due to
the specific orientation of the crystal and polarization of the laser pulse. Lastly there are diagrams giving only
vanishing contributions since differently polarized vacuum field components are uncorrelated. So up to second
order in χ (2) we find 〈: Sˆ :〉= 0. This means that in order to find a signature of the vacuum in terms quadratic
or lower in the non-linear susceptibility χ (2) we have to go one step further and calculate the contribution to the
variance 〈: Sˆ2 :〉. This involves formally squaring the diagrammatic perturbation shown in Fig. 2b, meaning that
a very large number of terms can contribute, therefore we only show the two contributing ones in Fig. 2c. The
two diagrams giving non-vanishing contributions have two vacuum fields and four probe fields, or two probe
fields and four vacuum fields. The latter is negligible compared to the former since the vacuum component is
dramatically weaker than the laser pulse. Our calculated variance coming from the first diagram is given by;
〈: Sˆ2 :〉=
∞∫
0
dΩ
∞∫
0
dΩ′
∫
VC
d3r′
∫
VC
d3r′′〈Eˆvac,x(r′,Ω)Eˆ†vac,x(r′′,Ω′)〉F(r′,r′′,Ω,Ω′). (3)
Here the spatial integrals extend over the volume VC of the crystal and we have introduced a shorthand F
(∝ E4p,y) for a filter function that determines which part of the vacuum correlations are seen in the experiment.
The filter function is derived from first principles [see Eq. (24) in the methods section], so can be tuned by
adjusting the laser pulse profile, the geometry of the setup and the crystal properties. Equation (3) also depends
on the ground-state correlations of the electromagnetic vacuum field. To calculate this, we use macroscopic
quantum electrodynamics [30], where the correlator at finite temperature in an arbitrary environment is given
by;
〈Eˆvac,x(r′,Ω)Eˆ†vac,x(r′′,Ω′)〉=
2h¯µ0
pi
Ω2δ (Ω−Ω′)
[
1
2
+n(Ω,T )
]
Im
[
Gxx(r′,r′′,Ω)
]
(4)
where n(Ω,T ) is the average thermal photon number at temperature T .
There are several consequences of Eq. (3) worth commenting on. Firstly, we see that since vacuum fluctua-
tions at different positions are correlated, we obtain a nonvanishing contribution to the variance of the detected
signal. This effect has been measured in Ref. [4] — our result finds good agreement with the experiment, as
discussed in methods section M4.1.
Secondly, Eq. (3) extends the previous theory [24], by going beyond the paraxial approximation, by includ-
ing absorption and most importantly by describing the electric field’s propagation by means of a Green’s tensor,
allowing for the inclusion of reflection effects at additional macroscopic objects. The electric field fluctuations
are also expressed in term of the imaginary part of the same Green’s tensor. This allows us to study the influ-
ence of media on the ground state fluctuations in a unified and consistent way.
Here, we also emphasize that the appearance of the filter function is not just an encapsulation of various
experimental limitations, but rather is necessary for the vacuum to be observed at all. Taken on their own,
vacuum fluctuations have infinite energy and are not directly observable. The Casimir and Casimir-Polder ef-
fects sidestep this limitation by referring to differences in vacuum energy when plates are near or far from each
other, or from an atomic system. In the type of setup considered here, the infinities are instead tamed by the
finite spacetime extension of the laser pulse, ensuring that only a finite part of the vacuum field is sampled.
Which parts, however, depends on the filter function, i.e. on the specific probe beam profile, crystal properties
or geometries of the experimental setup. This is in sharp contrast to, for example, the Casimir force where the
all frequencies contribute. Later we will make use of this freedom by varying the experimental setup to exploit
different structural properties of the vacuum.
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Figure 3: Experimental setup under consideration: We consider a laser pulse which propagates through a
electro-optical crystal of volume VC which is characterized by its linear and nonlinear susceptibil-
ities χ(1) and χ(2), respectively. The electric field is measured behind the crystal. For the case of
the specific example of electro-optical sampling of the vacuum field we choose the crystal to be of a
zincblende-type material and the detector consists of a λ/4-plate, a Wollaston polarizer and a differ-
ential photocurrent detector, see methods for details.
We next use our theory to study the influence of one macroscopic plate or a cavity on the statistics of an
electro-optical sampling experiment as shown in Fig 3. This can be realized by dividing the Green’s tensor into
a bulk part G(0) and a scattering part G(1) such that G = G(0)+G(1) (see methods section M1). Restricting the
Green’s tensor to its bulk part G(0) is equivalent to neglecting all reflection effects at any boundary and hence
describes the experiment in Ref. [4], as discussed in detail in methods section M4.1.
We want to go one step further than any contemporary theory or experiment, and include reflection effects
from a single plate and a cavity as depicted in Fig. 3. We focus our attention on the changes these objects induce
in the quantum vacuum correlations, and therefore neglect their influence on the laser pulse (aside from obscur-
ing part of the beam). This can be realized by assuming that the reflection coefficients of the plate and the cavity
are close to zero in the frequency range emitted by the laser, but different from zero for the resolved frequen-
cies of the vacuum field. In terms of Greens tensors this assumption reads G(ω)≈G(0) and G(Ω) =G(0)+G(1).
Single plate: We start with a perfectly reflecting plate in either the x= 0 or y= 0 plane and calculate the con-
tribution to the variance 〈: Sˆ(d)2 :〉 as a function of the distance d between the beam and the plate. We choose
the length of the crystal L to be equal to 7µm and describe the laser as a 5.9fs pulse with a Gaussian profile and
beam width w = 3µm (see methods for details). The result is depicted in Fig. 4a. We find that the contribution
to the signal’s variance changes with the beam-plate distance as a result of the competition between two effects.
On the one hand, the bulk contributions decrease when the beam is closer to the plate, since a larger part of
the beam becomes obscured by it. On the other hand, the effects upon the vacuum field of reflection from the
plate start contributing significantly at a distance of approximately d = w. Interestingly, these contributions
are almost equal in size but have opposite signs for the cases where the plate is in the x = 0 or y = 0 plane.
This stems from the fact that we are only measuring vacuum fluctuations which are polarized into x-direction,
compare Eq. (3). A field polarized into x direction experiences a phase shift of 0 or pi at a perfectly reflecting
plate in the x = 0 or y = 0 plane, respectively, explaining the different sign of the contributions. Moreover the
contribution from reflection effects is still smaller than the ones from the bulk part even when the beam center
is in the plane of the interface. This is explained by imperfect phase-matching inside the crystal which favours
a shorter propagation length, which means non-reflected photons have a larger contribution.
A second, more realistic model for the response of the plate is a Drude-Lorentz model permittivity de-
fined by ε(Ω) = ε∞
[
1+ω2p/(Ω2−ω2c + iΩΓ)
]
with results shown in Fig. 4b for parameters ε∞ = 7, ωp =
60.14× 2pi THz, ωc = 2.80× 2pi THz and Γ = 39.31× 2pi THz. These parameters are chosen such that the
material’s surface plasmon polariton resonance coincides with the frequencies that the filter function picks
out from the vacuum. Consequently there is a peak in the imaginary part of the Fresnel reflection coefficient
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Figure 4: Normalised variance of the signal near a plate. In (a) we show the various contributions to the
signal’s variance 〈: Sˆ2 :〉 as a function of the distance d between the beam center and a perfectly
reflecting plate for two different plate orientations. All results are normalised to the value 〈: Sˆ2 :〉0
found when the plate is removed. Shown in (b) is the same quantity for a single orientation a the
plate with Drude-Lorentz model dielectric function, and in (c) we plot the frequency-dependence of
the signal’s variance alongside that of the Drude-Lorentz model reflection coefficient, showing their
coinciding peaks.
for p-polarized light rp as can be seen in Fig. 4c, which corresponds to modes evanescent at the interface be-
tween the plate and the crystal. These evanescent modes dominate the spectrum of the vacuum’s contribution to
the variance and lead to an increase of 〈: Sˆ(d)2 :〉 by up to a factor of 35 when the beam gets close to the surface.
Cavity: Here we consider the same setup as in the last section but add an identical second plate a distance
LC away from the first (see Fig. 3). This setup enables one to study different characteristics of the vacuum field
inside a wide range of absorbing and dispersive cavities. In the following we discuss three examples. First we
assume that the plates are not absorbing or dispersive. This means and that the Fresnel reflection coefficient
rp at the crystal-plate interface is a constant number — here we choose rp = 1 or 0.9, meaning perfect and
imperfect reflection respectively. The second model we choose is where the permittivity of the plates is given
by the Drude-Lorentz permittivity specified in the text. For all three models we calculate 〈: Sˆ(d)2 :〉 as the
distance d of the beam center from one of the plates varies, with results shown in Fig. 5.
For a perfect conductor, the free-space and scattering contributions to 〈: Sˆ(d)2 :〉 exactly cancel, meaning that
in this case there should be no vacuum contribution to the statistics of the detected signal. Moving towards the
more realistic case of imperfect reflection, we see an effect well-known in Casimir physics whereby there is a
discontinuous transition from rp < 1→ rp = 1, i.e. a sharp change in the qualitative behaviour of the signal
as soon as the reflection coefficient deviates from unity. We also show how the contribution to the variance
changes for fixed qy = 0 (dominant due to phase matching) as qx is varied, with the total signal being the
integral over this. There the signature of the Fabry-Perot modes of the cavity is clearly seen. One can clearly
see the different standing modes inside the cavity, and that the qualitative behaviour of the contribution from
G(1) stems from the mode at qx ≈ 0.14. Finally, in the most realistic model (the Drude-Lorentz metal), we see
extreme enhancement near the surfaces which, as before, is due to our choice of parameters which cause the
frequency range that we sample from the vacuum to overlap with a surface plasmon-polariton resonance of the
plate.
In this work we have shown that short laser pulses and nonlinear crystals can be used to probe arbitrary states
of the QED field, including the vacuum. Our approach is valid for arbitrary laser profiles and crystal geometries.
We have demonstrated the model for probing vacuum and thermal fluctuations, while squeezed fluctuations can
also be investigated in the same way. Our work shows that the environment-modified quantum vacuum can
be directly probed, in contrast to previous, indirect methods such as Casimir and Casimir-Polder forces. The
numerous process which depend on the fluctuating vacuum field could be studied in real-time, analogously to
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Figure 5: Variance of the quantum vacuum signal inside a cavity. In (a) the cavity is bounded by the x = 0
and x = LC planes, and the variance 〈: Sˆ2 :〉 is plotted as a function of the distance d of the beam
center along the x axis. The cavity length is taken as three times the beam waist (LC = 3w) and the
results for perfect and imperfect reflection are shown. All results are normalised to the value 〈: Sˆ2 :〉0
found when the plates are removed. Note that the full contribution for the case of perfectly reflecting
interfaces cancels exactly. Figure (b) shows the same quantities but for the Drude-Lorentz model
permittivity. In (c) we show the contribution to the variance stemming from G(1) at a fixed frequency
and for qy = 0 as a function of the vacuum’s wave vector into x direction qx and beam position d
within an imperfectly reflecting cavity. Finally, in (d) we show the same quantities as in (c) but for
the Drude-Lorentz permittivity
attosecond chemistry where Coulomb interactions and electronic configurations are monitored as they occur.
This will transform the quantum vacuum from a non-unique model of very particular effects (e.g. Casimir
forces), towards a tangible physical object that can be observed, manipulated and exploited just like any other.
Extensions to our theory could include multiple beams [5] allowing for the study of spatial coherence, more
complex geometries and an inclusion of non-linear noise contributions, [13].
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Methods
M1 Green’s tensor for planar multilayers
The Green’s tensor G is defined by [30](
∇×∇×−ω
2
c2
ε(r,ω)·
)
G(r,r′,ω) = δ (r− r′) (5)
and the boundary condition G(r,r′,ω)→ 0 for |r− r′| → ∞. Here, ε(r,ω) is the linear relative permittivity
and c the speed of light in free space. The Green’s tensor can in general be divided into a bulk part G(0), which
is the Green’s tensor for a homogeneous and infinitely extended medium, and a scattering part G(1) which
describes reflection and transmission from boundaries where the magneto-electric properties abruptly change.
Decomposed in this way, the Green’s tensor reads G = G(0)+G(1) [30].
M1.1 Bulk Green’s tensor
The bulk Green’s tensor solves the differential equation (5) for the case ε(r,ω) = ε(ω). Its most convenient
statement for our purposes is a (2+ 1)-dimensional Weyl decomposition relative to a plane whose normal
direction is denoted r⊥ [30]:
G(0)(r,r′,ω) =− 1
4pi2k2(ω)
∫
d2k‖
eik‖·(r−r
′)
k⊥
δ (r⊥− r′⊥)e⊥e⊥+
i
8pi2
∫
d2k‖
eik‖·(r−r
′)
k⊥
× ∑
σ=s,p
[
eσ+eσ+eik⊥(r⊥−r
′
⊥)θ(r⊥− r′⊥)+ eσ−eσ−e−ik⊥(r⊥−r
′
⊥)θ(r′⊥− r⊥)
]
. (6)
Here k =
√
ε(ω)ω/c is the magnitude of the wave vector k, which we split into components perpendicular
and parallel to the chosen plane of the Weyl decomposition; k⊥ and k‖ = |k‖|. In particular k⊥ = k⊥(k‖,ω) =√
k2− k2‖ with Im[k⊥]> 0. The polarization vectors eσ± with σ = s, p are given by
es±(k‖) = ek‖× e⊥
(⊥→z)
=
1
k‖
 ky−kx
0
 ; ep± = 1k (k‖e⊥∓ k⊥ek‖) (⊥→z)= 1k
 ∓
kxkz
k‖
∓ kykzk‖
k‖
 . (7)
where we have shown explicit forms on the right hand side under the assumption that the Weyl decomposition
is taken relative to the x-y plane.
M1.2 Scattering Green’s Tensor
The scattering part of the Greens tensor for a single reflecting plate placed at r⊥ = d with normal vector r⊥ is
given in the region r⊥ < d by [30]
G
(1)
plate(r,r
′,ω) =
i
8pi2
∫
d2k‖
eik‖·(r−r
′)−ik⊥(r⊥+r′⊥−d)
k⊥
∑
σ=s,p
Rσeσ+eσ−. (8)
Here Rσ are the Fresnel reflection coefficients for the reflection of light with polarization σ at the plate. For the
setup where there are reflecting plates in the r⊥ = LC−d and r⊥ = d planes (with d ∈ [0,LC]) we obtain [30]
G
(1)
cav(r,r′,ω) =
i
8pi2
∫
d2k‖
eik‖·(r−r
′)
k⊥
∑
σ=s,p
{
RσRσe2ik⊥LC
Dσ
[
eσ+eσ+eik⊥(r⊥−r
′
⊥)+ eσ−eσ−e−ik⊥(r⊥−r
′
⊥)
]
+
1
Dσ
[
eσ+eσ−Rσeik⊥(r⊥+r
′
⊥+2d)+ eσ−eσ+Rσeik⊥[2(LC−d)−r⊥−r
′
⊥]
]}
(9)
if r⊥,r′⊥ ∈ [LC−d,LC] and where Dσ = 1−RσRσe2ir⊥LC accounts for multiple reflections. In the main text we
use the above expression with r⊥ ‖ x and r⊥ ‖ y.
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M2 Crystal properties and orientation
As mentioned in the main text, we choose the crystal to be a zincblende-type material with symmetry group
4¯3m whose lattice vectors are orientated in the following way
[100] =
1√
2
(ez− ex); [010] = 1√
2
(ez+ ex); [001] = ey. (10)
In this configuration the nonlinear polarization in the lab frame is given by
PˆNL = 2χ(2)
[
−EˆyEˆxex+ EˆyEˆzez+ 12
(
Eˆ2x − Eˆ2z
)
ey
]
. (11)
where we use χ(2) = ε(ωc)2ε0r41/2 with r41 = 4pm/V [31, 32]. Taking χ(2) as a constant value means we
neglect the dispersion of the nonlinear susceptibility, which is justified since we work in frequency range far
from any of its resonances [32].
The refractive index n(ω) of the ZnTe crystal on the other hand is modelled in the near-infrared frequency
range by
n(ω)2 = A+
(
Bλ 2
λ 2−C
)
(12)
with λ = 2pic/ω , A = 4.27, B = 3.01 and C = 0.142 [33]. In the THz frequency range we use
n(ω) = Re
[√
ε∞
(
1+
(h¯ωLO)2− (h¯ωTO)2
(h¯ωTO)2− (h¯Ω)2− ih¯γΩ
)]
(13)
with ωTO = 5.31×2piTHz, ωLO = 6.18×2piTHz, γ = 0.09×2piTHz and ε∞ = 6.7 [32].
M3 Born series and detector statistics
In this section we derive the detector statistics including the central result found in Eq. (3). Starting from Eq. (2)
we introduce a perturbation parameter α via χ (2)→ αχ (2) which will be set to unity in the end. We expand the
fields in orders of α ,
Eˆ(r,ω) =
∞
∑
i=0
α i Eˆ(i)(r,ω). (14)
Using Eq. (2), we obtain
i = 0 : Eˆ(0)(r,ω) = Eˆvac(r,ω)+ Eˆp(r,ω), (15)
i > 0 : Eˆ(i)(r,ω) =
i
∑
j=1
ω2µ0
∫
VC
d3r′G(r,r′,ω) ·
∫ ∞
−∞
dΩ χ (2)(r,Ω,ω−Ω)Eˆ(i− j)(r,Ω)? Eˆ( j−1)(r,ω−Ω).
(16)
as interpreted and schematically described in the main text. In the following we use this result for the electric
field in Eqs. (15) and (16) to calculate the photon statistics of the experimental setup shown in Fig. 3 where the
detector is chosen as in the experiment which measured vacuum fluctuations using electro-optical sampling for
the first time [4]. It consists firstly of a λ/4 plate which transforms the electric field into a new field Eˆ′ given
by
Eˆ ′x,y(r‖,ω) =
e∓ipi/4√
2
[
Eˆy(r‖,ω)± iEˆx(r‖,ω)
]
. (17)
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with the upper sign corresponding to x and the lower to y. This electric field is split into its x and y components
using a Wollaston prism and finally these fields are detected by photomultipliers such that the number operators
that are measured in each of the photomultipliers are given by
Nˆx,y = K
∫ ∞
0
dω
η(ω)
h¯ω
∫
d2r‖Eˆ ′†x,y(r‖,ω)Eˆ
′
x,y(r‖,ω) (18)
with K = 4piε0cn(ωc), where n(ωc) is the refractive index at the frequency ωc and η(ω) is the efficiency of the
photomultiplier at a given frequency ω . We assume η(ω) to be unity, except that it tends to zero for ω→ 0, and
consider the statistics of the difference in photocounts. The probability that the first photomultiplier measures
n1 and the second n2 counts is given by [34]
pn1,n2 =
1
n1!n2!
〈: Nˆn1x e−NˆxNˆn2y e−Nˆy :〉. (19)
Here : (. . .) : denotes normal ordering. Subsequently, the probability distribution to obtain the difference pho-
tocount n12 = n1−n2 is given by pn12 = ∑n2 pn2+n12,n2 . This distribution can be used to obtain the expectation
value and the variance of the counting experiment
n≡
∞
∑
n12=−n2
n12 pn12 = 〈: Sˆ :〉 (20)
∆n2 ≡ n2−n =
∞
∑
n12=−n2
n212 pn12−n = N+ 〈: Sˆ2 :〉−n. (21)
where we have defined the variance
Sˆ = Nˆx− Nˆy = K
∫ ∞
0
dω
η(ω)
h¯ω
∫
d2r‖
[
iEˆ†y (r‖,ω)Eˆx(r‖,ω)+h.c.
]
(22)
and the total number of detected photons
N = 〈: Nˆx+ Nˆy :〉= Kh¯
∫ ∞
0
dω
η(ω)
ω
Ep(ω)2. (23)
which contributes to ∆n2 as Poissonian shot noise. We can now combine these results with the ones obtained
using the Born series and find that the only non-vanishing contribution to Sˆ up to second order in the pertur-
bation expansion is linear in Eˆvac and hence vanishes when the expectation value 〈Eˆvac〉 is taken, as described
schematically in the main text. By contrast, the term of second order in χ (2) in the perturbation expansion of
Sˆ2 is bilinear in Eˆvac (so does not vanish under the expectation value). It is given by Eq. (3) with
F(r′,r′′,Ω,Ω′) =
(
H(r′,Ω)+H(r′,−Ω)∗)(H(r′′,Ω′)∗+H(r′′,−Ω′)) (24)
H(r′,Ω) =−i8picε0χ(2)µ0
∞∫
0
dω
η(ω)
√
ε(ω)ω
h¯
∫
d2r‖Ep,y(r,ω)?Gxx(r,r′,ω)Ep,y(r′,ω−Ω). (25)
as can be derived by combining Eqs. (2), (15), (16) with (22), and keeping terms up to second order in the
nonlinear susceptibility χ (2).
M4 Specific experimental setups
We simplify the expression (24) obtained in the last section for the case of a probe pulse given by
Ep(r,ω) = Ep(ω)
√
2
piw2
e−r
2
‖/w
2
eikzey. (26)
Here the amplitude Ep(ω) is assumed to have a rectangular shape, i.e. it is equal to one for ω ∈ [ωc−∆ω,ωc+
∆ω] and zero otherwise, where ωc = 255(2pi)THz and ∆ω = 75(2pi)THz. Note that this laser pulse can be
seen as a fundamental Laguerre-Gaussian mode under the assumption that the length of the crystal is much
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shorter than the Rayleigh range of the beam, i.e. L w2√ε(ω)ω/2c which is a good approximation for the
laser pulses used e.g. in [4, 24].
To approximate the filter function we assume, in all following calculations, that we can neglect absorption
inside the crystal, which is a reasonable approximation since the frequencies used here are far away from any
material resonances, c.f. Sec. M2. Furthermore we are going to neglect reflections at the air/crystal interfaces.
We want to emphasize that while these assumptions are reasonable for a wide range of experimental setups, one
could include these them in our theoretical framework. Here we make these assumptions only to more clearly
illustrate the influence of additional interfaces discussed in the main text.
While the approximations above are used throughout, we also explore the limits of some further approxima-
tions. The first of these is that the beam waist of the laser is much larger than its wavelength within its spectral
range, i.e.;
n2(ω)
ω2
c2
 1
w2
for ω ∈ [ωc−∆ω,ωc+∆ω] (27)
where n(ω) is the refractive index. We will call this the laser paraxial approximation, its consequence being
that all fields with frequencies within the spectral range of the laser will propagate into the z-direction only.
Secondly we assume that, since we are far from any resonances,
k(ω−Ω)− k(ω)'−ngΩ/c (28)
where ng is the group refractive index at the central frequency of the pulse and Ω the frequency of the vacuum
fluctuations.
M4.1 Bulk case
We will investigate the character of these different approximations for the bulk case (no reflecting plates) by
calculating the integrand s2(Ω) of (3) after substitution of the correlation function (4), i.e.
〈: Sˆ2 :〉=
∫
dΩs2(Ω) =
2h¯µ0
pi
∞∫
0
dΩ
∫
VC
d3r′
∫
VC
d3r′′Ω2
(
1
2
+n(Ω,T )
)
Im
[
Gxx(r′,r′′,Ω)
]
F(r′,r′′,Ω) (29)
where we set F(r′,r′′,Ω,Ω)≡ F(r′,r′′,Ω). In this setup the Green’s tensor is given simply by its bulk compo-
nent G(0). Inserting G(0) as found in Eq. (6) into Eq. (24) the filter function reduces to
F(r′,r′′,Ω) =
(
2χ(2)cµ0Nωp
w2n(ω)
)2
f (Ω)2e−(r
′2
‖ +r
′′2
‖ )/w
2
e−ing
Ω
c (z−z′) (30)
where we have introduced the the effective detection frequency ωp and the normalized field correlation function
f (Ω) defined by
ωp =
∫ ∞
0
dωη(ω)Ep(ω)2/
∫ ∞
0
dω
η(ω)
ω
Ep(ω)2, (31)
f (Ω) =
∫ ∞
0
dω
(
Ep(ω)Ep(ω+Ω)+Ep(ω)Ep(ω−Ω)
)
/
∫ ∞
0
dωη(ω)Ep(ω)2. (32)
Here we approximated n(ω)≈ n(ωc) in the prefactor. Inserting the filter function Eq. (30) into Eq. (3) we find
s2LP(Ω) =
(
Nχ(2)Lωp
)2
h¯
16pi3c3ε20 n(ωc)
Ω2 f (Ω)2
∫
qz,‖≤n(Ω)q/c
d2qz,‖e
−q2z,‖w2/4
1− q2xq2
qz
×
(
sinc
[
L
2
(
ng
Ω
c
−qz
)]2
+ sinc
[
L
2
(
ng
Ω
c
+qz
)]2)
(33)
13
where q =
√
q2i,‖−q2i = n(Ω)Ω/c is the wave vector at the frequency of the vacuum Ω. We can make a further
approximation by assuming
q2 = n2(Ω)
Ω2
c2
 1
w2
. (34)
This approximation has the consequence that we can neglect the parallel component of the wave vector of the
vacuum modes, i.e. that we apply the paraxial approximation to the vacuum field as well. Using Eq. (34),
Eq. (33) simplifies to
s2Paraxial(Ω) =
(
Nχ(2)Lωp
2piε0cn(ωc)w
)2
h¯
n(ωc)
n(Ω)
Ω f (Ω)2
(
sinc
[
L
2
(
ng
Ω
c
−qz
)]2
+ sinc
[
L
2
(
ng
Ω
c
+qz
)]2)
.
(35)
The first term of this result is equivalent to the expression found in Ref. [24] within the paraxial approximation,
whereas the second term is a new off-resonant term stemming from vacuum correlations propagating the oppo-
site direction to the beam. This second term can be neglected due to unfavourable phase matching.
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Figure 6: Comparison of the different approximations: We plot s2(Ω) as defined by Eq. (29) without approxi-
mations (‘Full result’), and in the different various approximations under consideration: laser paraxial
in Eq. (33), Taylor expanded integrand in Eq. (36) and the paraxial approximation in Eq. (35). The
ratio of the total variance found using each approximation to our full result is shown in brackets af-
ter each. We find that the paraxial approximation overestimates the variance contribution by 52%
whereas the other approximations agree with the full calculation within a few percent. Additionally
the cut off discussed in the main text is shown by the dashed vertical line.
Finally we want to compare our results obtained by applying the different approximations outlined above by
plotting s2(Ω) in the various approaches in Fig. 6. Additionally we plot the full numerical result when one does
not assume the two approximations in Eqs. (27) and (28) to hold. We can also find an intermediate solution
by Taylor-expanding the integrand in Eq. (33) up to second order in qz,‖/q which enables us to carry out the
integral over the parallel component of the wave vector qz,‖ analytically:
s2Taylor(Ω) =
(
Nχ(2)Lωp
2piε0cn(ωc)w
)2
h¯Ω
n(ωc)
n(Ω)
f (Ω)2
{(
1− e−q2w2/4
)(
sinc
[
L
2
∆k+
]2
+ sinc
[
L
2
∆k−
]2)
− 4− e
−q2ω20/4(4+q2ω20 )
qL2∆k+ω20
(
L∆k+sin [L∆k+]+L∆k−sin [L∆k−]−4sin
[
L
2
∆k+
]2
−4sin
[
L
2
∆k−
]2)}
. (36)
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Here we introduced ∆k± = ngΩc ± qz. As one can see in Fig. 6 the paraxial approximation overestimates the
contribution to the signal’s variance of the vacuum fluctuations by 50.2% whereas the laser paraxial approxi-
mation and the result obtained by Taylor expanding the integrand agrees with the full calculation within a few
percent. Note, however, that previous considerations [24] argued in favor of a cutoff of the signal’s spectrum
excluding frequencies of the vacuum with n(Ω)Ω < cpi/w leading to a error of only 26%. This explains why
our result as well as that reported in Ref. [24] agree with the experimental results in Ref. [4].
M4.1 Single plate
As discussed in the main text, we isolate reflection effects from the vacuum field by assuming that the reflection
coefficients are sufficiently small in the frequency range of the laser. This means we have to replace the free
space Green’s tensor G(0) by the full Green’s tensor G=G(0)+G(1)Plate only in Eq. (4). In particular, this implies
that the filter function in Eq. (30) remains unchanged and that we have one contribution from the free space
Green’s tensor and one from the scattering part, which can be added together.
Inserting the Green’s tensor from Eq. (6) and the filter function obtained in Eq. (30) into Eq. (3) we find for
the contribution stemming from G(0) for the case where the reflecting plate is in the x = d plane
〈: Sˆ2x(0)(d) :〉=
(
N(d)χ(2)Lωp
)2
16pi3c4ε30 n(ωc)2
h¯
∞∫
0
dΩΩ2 f (Ω)2
∫
qz,‖≤nqq/c
d2qz,‖e
−q2z,‖w2/4
1− q2xq2
qz
×
(
sinc
[
L
2
(
ng
Ω
c
+qz
)]2
+ sinc
[
L
2
(
ng
Ω
c
−qz
)]2)∣∣∣∣1+Erf
[√
2d
w
+ i
qxw
2
√
2
]∣∣∣∣2. (37)
where Erf(x) = (2/
√
pi)
∫ x
0 dte
−t2 is the error function. If the plate is in the plane y = d the contribution to G(0)
can be obtained from Eq. (37) by replacing x↔ y. Note that the free space contribution also changes with d
since the plate restricts the crystal volume VC over which one integrates.
On the other hand, when inserting Eqs. (8) and (30) into Eq. (3) we find for the contribution stemming from
x = d plate
〈: Sˆ2x(1)(d) :〉=
(
χ(2)N(d)ωpL
n(ωc)picε0
)2
h¯
8piε0
∫
dΩ
f (Ω)2
n(Ω)2
∫
d2qx,‖ q2x,‖e
−(q2x+q2y)w2/4
× sinc
[
L
2
(ng
Ω
c
−qz)
]2
Re
e2iqxdqx rp
(
1+Erf
[√
2d
w0
+ i
qxw
2
√
2
])2 (38)
and for the contribution from y = d plate
〈: Sˆ2y(1)(d) :〉=
(
χ(2)N(d)ωpL
n(ωc)picε0
)2
h¯
8piε0
∫
dΩΩ2 f (Ω)2
∫
d2qy,‖ e−(q
2
x+q
2
y)w
2/4
× sinc
[
L
2
(ng
Ω
c
−qz)
]2
Re
e2iqydqy
[
rs
q2z
q2y,‖
− rp
q2yq
2
x
q2y,‖q
2
](
1+Erf
[√
2d
w
+ i
qyw
2
√
2
])2 . (39)
Note that the total number of detected photons also changes with changing position of the laser relative to the
plate since the plate obscures part of the beam. This dependence is given by
N(d) =
1
2
(
1+Erf
[√
2d
w0
])
N (40)
where N is the total number of photon in the laser beam.
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M4.2 Cavity
We derive expressions for the vacuum contributions to the variance for the setup depicted in Fig. 3. Similarly to
the last section we insert the Green’s tensors in Eqs. (6) and (9) into Eq. (3) to obtain the following contributions
to the variance. For the case of interfaces in the x= d and x= d−LC planes, we find the free space contribution
〈: Sˆ2Cx(0)(d,LC) :〉=
(
N(d,LC)χ(2)Lωp
)2
4pi3c4ε30 n(ωc)2
h¯
∞∫
0
dΩΩ2 f (Ω)2
∫
q‖≤nqq/c
d2q‖ e−q‖w
2
0/4
1− q2xq2
qz
×
(
sinc
[
L
2
(
ng
Ω
c
+qz
)]2
+ sinc
[
L
2
(
ng
Ω
c
−qz
)]2)
R[qx,d,LC]R[−qx,d,LC] (41)
and the scattering contribution
〈: Sˆ2Cx(1)(d,LC) :〉=
(
χ(2)N(d,LC)ωp
n(ωc)pic2ε0
)2
h¯
2piε0
∞∫
0
dΩΩ2 f (Ω)2
∫ d2qx,‖ q2x,‖
q2
e−(q
2
y+q
2
x)w
2/4Sinc
[
L
2
∆k−
]2
Re
[
R[qx,d,LC]R[−qx,d,LC]
2r+p r
−
p
qxDp
e2iqxLC +R[qx,d,LC]2
rp
qxDp
e2iqxd +R[−qx,d,LC]2 rpqxDp e
2iqx(LC−d)
]
(42)
where
R[qx,d,LC] = Erf
[√
2(LC−d)
w
− i qxw
2
√
2
]
+Erf
[√
2d
w
+ i
qxw
2
√
2
]
. (43)
The total number of photons is given by
N(d,LC) =
1
4
(
Erf
[√
2
LC−d
w
]
+Erf
[√
2
d
w
])2
N. (44)
For interfaces in the y = d and y = d−LC planes, we find similar expressions which are not shown explicitly
here. In the case of perfect reflection, some algebra shows that the free space contribution given by Eq. (41)
and the scattering contribution given by Eq. (42) are equal but with opposite signs, leading to a vanishing total
result as shown in Fig. 5(a).
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